We construct the string states |O in the Hilbert space of the quantum mechanical orbifold model so as to calculate the three-point and one-loop amplitudes from the interacting string bit model by exploiting the operator Σ. We show that the three-point interaction functions between a one-string state and a two-string state derived from the interacting string bit model precisely match with those computed from the perturbative SYM theory in BMN limit. However, for the second order correction to the anomalous dimension of BMN operator O J p , we find that there is a mismatch between two approaches. In our calculation, we heavily exploit the operator Σ. * jiange.zhou@uleth.ca Recently, Berenstein, Maldacena, and Nastase (BMN) [1] argued that the IIB superstring theory on pp-wave background with RR-flux is dual to a sector of N = 4 SU(N) Yang-Mills thoery containing operators with large R-charge J. The arguement was based on the exact solvability of the Green-Schwarz strings on pp-wave background obtained from AdS 5 × S 5 in the Penrose limit [2]. In BMN limit, the effective 't Hooft coupling is
operator Σ to do calculation, Verlinde made a further assumption that the three-point function in the string bit model should be identified with that in the free SYM theory, so in his method it is hard to calculate the three-point interaction functions exactly from the string bit model. Then it is interesting to see how we can use Σ to do direct calculation, and whether we can reproduce the results derived from the perturbation expansion of the N = 4 SYM theory in the BMN limit, which would give a consistency check for the interacting string bit model on pp-wave background.
Motivated by the above, in the present paper we construct the string states |O J p > J , |O J 1 q > J 1 J 2 and |O J 1 J 2 0 > J 1 J 2 in the Hilbert space of the quantum mechanical orbifold model so as to calculate the three-point and one-loop amplitudes from the interacting string bit model by exploiting the operator Σ. The Hilbert space of the quantum mechanical orbifold model is decomposed into the direct sum of the Hilbert spaces of the twisted sectors [21] , and each twisted sector describes the states of several strings, so the construction of the string states |O J p > J , |O J 1 q > J 1 J 2 and |O J 1 J 2 0 > J 1 J 2 can be realized by the fact that the vacuum state of a twisted sector corresponds to a ground state twist operator. We show that the three-point interacting functions between a one-string state and a two-string state derived from the interacting string bit model precisely match with those computed from the perturbative SYM theory in BMN limit. However, for the second order correction to the anomalous dimension of BMN operator O J p , we find that there is a mismatch between two approaches 1 , which probably indicates that some extra terms need to be added to V 1 . In our calculation, we heavily exploit the operator Σ, but need not to assume that the three-point function in the string bit model is the same as that in the free SYM theory. That is, we carry out our calculation from the first principles of the the quantum mechanical orbifold model without any further assumption.
The paper is organized as follows. In the next section, we review some basic results for 1 In [15] , a mismatch between perturbative SYM and string field theory on the torus level anomalous dimensions was found. It was shown that the unitarity sum in [4] and the expression for the 3-string vertex in [6] yields contradictory results for the torus level anomalous dimension of some particular BMN operators.
the interacting string bit model. In Section 3, we develope some approach to consistently construct the string states |O J p > J , |O J 1 q > J 1 J 2 and |O J 1 J 2 0 > J 1 J 2 in the Hilbert space of the quantum mechanical orbifold model. The three-point function is calculated from the interacting string bit model by exploiting the operator Σ. In Section 4, the second order correction to the anomalous dimension of the operator O J p is computed. In Section 5, we present our summary and discussion.
The interacting string bit model
Let us recapitulate some basic results for the interacting string bit model [20] . One can introduce J copies of supersymmetric phase space coordinates {p i n , x i n , θ a n ,θ a n }, with n = 1, . . . , J, satisfying canonical commutation relations
These J copies can be regarded as obtained by the quantization of the J-th symmetric product Sym J M of the plane wave target space M. The Hilbert space of this quantum mechanical orbifold can be decomposed into the direct sum of "twisted sectors"
labeled by conjugacy classes [γ] of the symmetric group S J described by
where J n is the multiplicity of the cyclic permutation (n) of n elements. In each twisted sector, one should keep only the states invariant under the centralizer subgroup C g of g
where each factor S Jn permutes the J n cycles (n), while each Z n acts within one particular cycle (n). 
where the space H n is Z n invariant subspace of the Hilbert space of the quantum mechanical orbifold model of 16n bosonic fields p i n and x i n , and 16n fermionic fields θ a n and θ a n . The resulting Hilbert space of the quantum mechanical orbifold model is a sum over multi-string Hilbert spaces [22] - [24] .
Consider the operator Σ mn that implement a simple transposition of two string bits via
with X n = {p i n , x i n , θ a n ,θ a n }. By acting with Σ mn on a given multi-string sector, we get a different multi-string sector via [21] Σ mn : H γ → Hγ withγ = γ · (mn) .
When two sites m and n in the sector γ correspond to one single string with length J or two separate ones with lengths J 1 and (J − J 1 ), the new sectorγ corresponds to either splitting the single string in two pieces of length (m − n) and (J − m + n), or joining the two strings to one of length J.
The light-cone supersymmetry generators and Hamiltonian of the free string theory are [20] 
with
and 2
The interaction terms are assumed to be [20] Q˙a = Q˙a 0 + g 2 S˙a 1 ,
where g 2 is genus parameter J 2 /N. By introducing the S J invariant operator
the interaction terms can be determined by the light-cone supersymmetry algebra, and are given by [20] 
where Q˙a 0 and H 0 are the light-cone supersymmetry generators and Hamiltonian of the free strings.
Three-point interaction functions in the interacting string bit model
To construct the twisted vacuum states, let us first introduce the ground state twist operator Σ (n) that translates the string bit X I within the individual string (n) by one unit
The untwisted vacuum state |0 > is defined by
, [4] and [26] , we know that for free string, the λ 2 is identified as gN 2π with g 2 Y M = 4π g, so the parameter λ 2 should be [20] with extra factor 1 8π 2 .
and the untwisted vacuum state |0 > is normalized as
Then the twisted vacuum state |n > is defined as
which can be easily seen from the definition of Σ (n) .
The arbitrary group element γ ∈ S J has the decomposition
where each cycle of length n α has a definite set of indices ordered up to a cyclic permutation and generates the action of the subgroup Z nα . Due to this decomposition, the operator Σ (γ) , V γ can be expressed
where V γ is the operator defined in the twisted sector H γ .
To define an invariant operator V [γ] , we first introduce the operator V γ corresponding to a fixed element γ ∈ S J . Under the group action, V γ transforms into V h −1 γ h [27] , so the invariant operator V [γ] is the sum over all operators from a given conjugacy class
Any correlation function of the operators invariant under centralizer subgroup C g should be invariant with respect to the global action of the symmetric group [27] 
and the correlation function
does not vanish only if 3
The one-string state operator O J p considered in [1]
should be identified in the interacting string bit model as [20] 
which describes the one-string state and is invariant under the centralizer subgroup Z J .
In [3] and [4] , it was shown that the sum should start from l = 0 instead of l = 1 and this small difference has drastic consequences. In particular the operator with sum beginning at l = 1 does not reduce to a chiral primary for n → 0. Thus the operator O J p should be defined as
however, one can easily show that for large J in the interacting string bit model, the definition (29) gives the same results for the three-point and one-loop amplitudes as (28) .
So in the following calculation, we choose (28) .
where γ 1 indicates one-cycle, i.e., one-string state. The operator O J p,γ 1 is invariant under the transformation of the centralizer subgroup Z J , and normalized as
Then the invariant single string state |O J p > can be defined as
where α is the normalization factor which can be determined by
By the centralizer subgroup Z J , the normalization of the state |O J p > determines
The two-string state operator O J 1 q,γ 2 can be constructed as
where γ 2 is decomposed as (J 1 )(J 2 ) with J 2 = J −J 1 , that is, two cycles, and the operator
Then the invariant two-string state |O J 1 q > can be described as
The normalization of the state |O J 1 q > gives
where we have used the centralizer subgroup Z J 1 Z J 2 . The two-string state (36) corresponds to the state in N = 4 SYM theory [1] and [4] 1
The other type two-string state operator O J 1 J 2 0,γ 2 can be constructed by
which is invariant under the transformation of the centralizer subgroup Z J 1 Z J 2 , and normalized as
The corresponding normalized and invariant two-string state is
where the centralizer subgroup Z J 1 Z J 2 is exploited. The two-string state |O J 1 J 2 0 > corresponds to the following state in N = 4 SYM theory [1] and [4] 1
Now let us consider the three point interaction between the single string state |O J p > and the two-string state
Inserting (14), (30) and (36) into (43), we have
where the leading order Hamiltonian H (0) has been removed, since it is permutation in- 
where |γ 1 , |γ 2 represent one-string, two-string state respectively.
By exploiting (13), (24) and (45), the three-point interaction function (44) can be recast into
Since the state |O J 1 q J 1 J 2 is two-string state, to obtain the single string state |O J p J , the variables m and n should take the following values
and the above three-point interaction function can be rewritten as
Applying the centralizer subgroup Z J 1 Z J 2 , the (48) can be reduced to
To simplify the following the calculation, we choose
then (51) gives
and the operators O J+ p,γ 1 and O J 1 q,γ 2 are simply given by
where we have used the fact that the operators O J+ p,γ 1 and O J 1 q,γ 2 are invariant under the transformation of the centralizer subgroup Z J , Z J 1 Z J 2 respectively. From (10), (52) and (53), the second order Hamiltonians H (2) γ 1 , H (2) γ 2 for the one-string and two-string state can be read off
Then we have
which is exactly the same as that derived from the perturbative SYM theory [4] .
The second order correction to the anomalous dimension
In [4] , the anomalous dimensions of BMN operators at the order g 2 2 and λ ′ was calculated from the formula of the non-degenerate second order perturbation theory
In terms of the interacting string bit language, the ∆ (2) p is given by [20] 
Plugging (13), (14) and (32) into (63), we have
Since the correlation function is invariant with respect to the global action of the symmetric group (24) , and the one-string state (J) can be split into two-string state (n)(J − n), (64) can be expressed
By the centralizer subgroup Z J and the identity
we can transform Σ k,k+J−n and Σ k,k+n into Σ nJ . Gluing the intermediate two-string state (n)(J − n) into one-string state (J), r, s have to take the following value
then (65) can be reduced to
which can be derived from (7) .
To simplify the following calculation, we choose
then we have 
From (71) and (10) , the operators H (2)
From (75) and (6), we have
For large J, we can replace the variables by z r = r/J, z s = s/J, z n = n/J, then the sum can be approximated by the integral. After integrating z r , z s , we have
The second order correction to the anomalous dimension derived from the perturbative SYM theory is [4] 
which is different from that obtained from the interacting string bit model (79).
In the interacting string bit model, 
When p J and q J 1 are very small, A p q is approxiamted to
In [4] , the (80) is obtained by exploiting (85) and the relation q∈ Z (px + q) (px − q) 3 = −π 2 csc 2 π px (1 + 2π px cot π px).
However, in the interacting string bit model, we should consider the sum
Only when p J and q J 1 are very small, S p q can be reduced to
but in the sum q∈ Z S p q , q J 1 is not always small. This is the reason that the second order correction to the anomalous dimension calculated from the interacting string bit model does not match with that derived from the perturbative SYM theory.
Summary and discussion
In the above, we have developed new approach to consistently construct the string states > J 1 J 2 has been realized by the fact that the vacuum state of a twisted sector can be described by the ground state twist operator. We have shown that for three-point interaction between a one-string state and a two-string state, the results obtained by interacting string bit model precisely match with those computed from the perturbative SYM theory in BMN limit. However, for the second order correction to the anomalous dimension of BMN operator O J p , we have found there is a discrepancy between two approaches. This is because in the SYM theory the sum is q∈ Z T p q with T p q = (px + q)/(px − q) 3 , but in the interacting string bit model, we have the sum q∈ Z S p q with S p q = sin 2 π ( p J + q J 1 )/ sin 2 π ( p J − q J 1 )(sin 2 π p J − sin 2 π q J 1 ). Only when p J and q J 1 are very small, S p q can be reduced to T p q . However, in the sum q∈ Z S p q , q J 1 is not always small, thus the difference arises. We should emphasize that in our calculation, we have heavily exploited the operator Σ, but have not identified the three-point function in the string bit model with that in the free SYM theory.
In (1), we have introduced J copies of supersymmetric phase space coordinates, and the operator O J p is identified in the interacting string bit model as (28) . One may wonder if the second order correction to the anomalous dimension derived from the interacting string bit model can be modified so as to match with that in the SYM theory by introducing J +1 copies of supersymmetric phase space coordinates, and the operator O J p instead defined as (29), but after some calculation, we find that is not the case 4 . One possible remedy to this mismatch is to add some extra terms to V 1 . These extra terms should be highly constrained by the requirement that they preserve the space-time supersymmetry algebra, and keep three-point interaction unchanged, as well as the existence of a continuum limit. In [15] , a mismatch between perturbative SYM and string results on the torus level anomalous dimensions was found. It was shown that the unitarity sum in [4] and the expression for the 3-string vertex in [6] yields contradictory results for the torus level anomalous dimension of some particular BMN operators. The resolution suggested in [15] was to include the "contact terms" in string perturbation theory computations.
This might give us a hint about how to reconcile the torus level contradiction between N = 4 SYM thoery and the interacting string bit model. The other possible remedy is to introduce Cuntz osillators [28] instead of the harmonic ones. It would be interesting to construct the interacting string bit model in terms of Cuntz osillators and see whether both approaches match with each other. We hope to return to these issues in near future.
